
MA206X AY26-2 — Block I Practice Review
Probability & Random Variables (Lessons 6–14)

This review is for practice only and is not graded.

Instructions: Work each problem completely, starting with the appropriate probability
statement or random variable definition where indicated. Answers may be left in exact form
unless otherwise stated. You are authorized your SRC and calculator.

Concept Check

Answer each of the following. These are quick checks of key definitions and properties.

1. True or False: If P (A) = 0.5 and P (B) = 0.3, then A and B must be mutually
exclusive.

Solution: False. Mutually exclusive means P (A ∩ B) = 0, which is not determined
by the individual probabilities alone.

2. True or False: The CDF of any random variable is a non-decreasing function.

Solution: True. By definition, if a < b, then F (a) ≤ F (b).

3. Fill in the blank: For independent events A and B, P (A∩B) = .

Solution: P (A) · P (B)

4. True or False: If X ∼ Bin(n, p), then E(X) = np and Var(X) = np(1− p).

Solution: True.

5. Fill in the blank: If events A and B are mutually exclusive, then P (A ∪ B) =
.

Solution: P (A) + P (B)

6. True or False: A valid PMF must satisfy
∑

all x P (X = x) = 1 and P (X = x) ≥ 0 for
all x.

Solution: True. These are the two conditions for a valid PMF.

7. Fill in the blank: For a continuous random variable with pdf f(x), P (a ≤ X ≤ b) =
.

Solution:
∫ b

a
f(x) dx

8. True or False: If X is a continuous random variable, then P (X = 3) = 0.

Solution: True. For continuous random variables, the probability at any single point
is zero.

9. Fill in the blank: The variance of a random variable can be computed as Var(X) =
.

Solution: E(X2)− [E(X)]2



10. True or False: The exponential distribution has the memoryless property, meaning
P (T > s+ t | T > s) = P (T > t).

Solution: True. The exponential distribution is the only continuous distribution
with this property.

Probability Basics (Lessons 6–8)

Problem 1. A survey of 500 college students found that 280 play video games (V), 200
play a musical instrument (I), and 90 do both.

(a) Find P (V ∪ I).

Solution: P (V ∪ I) = P (V ) + P (I)− P (V ∩ I) = 280
500

+ 200
500

− 90
500

= 390
500

= 0.78

(b) Find P (V c ∩ Ic), the probability a student does neither.

Solution: P (V c ∩ Ic) = 1− P (V ∪ I) = 1− 0.78 = 0.22

(c) Are V and I independent? Justify with a calculation.

Solution: Check: P (V )P (I) = (0.56)(0.40) = 0.224, but P (V ∩ I) = 0.18. Since
0.224 ̸= 0.18, V and I are not independent.

Problem 2. A fair six-sided die is rolled twice. Let A be the event the first roll is even and
B be the event the sum of both rolls is at least 9.

(a) List the sample space outcomes in B.

Solution: B = {(3, 6), (4, 5), (4, 6), (5, 4), (5, 5), (5, 6), (6, 3), (6, 4), (6, 5), (6, 6)}, so
|B| = 10.

(b) Find P (B).

Solution: P (B) = 10/36 = 5/18

(c) Find P (A ∩B).

Solution: A∩B: first roll is even AND sum ≥ 9: {(4, 5), (4, 6), (6, 3), (6, 4), (6, 5), (6, 6)},
so P (A ∩B) = 6/36 = 1/6.

(d) Are A and B independent?

Solution: P (A) = 1/2, P (B) = 5/18, P (A)P (B) = 5/36 ≈ 0.1389. But P (A∩B) =
6/36 = 1/6 ≈ 0.1667. Since 5/36 ̸= 6/36, A and B are not independent.

Problem 3. Suppose P (A) = 0.3, P (B) = 0.5, and A and B are independent.



(a) Find P (A ∩B).

Solution: P (A ∩B) = P (A)P (B) = 0.15 (by independence).

(b) Find P (A ∪B).

Solution: P (A ∪B) = 0.3 + 0.5− 0.15 = 0.65

(c) Find P (Ac ∩Bc).

Solution: P (Ac ∩ Bc) = 1 − P (A ∪ B) = 0.35. Equivalently, P (Ac)P (Bc) =
(0.7)(0.5) = 0.35 by independence of complements.

(d) Find P (B|Ac).

Solution: Since A and B are independent: P (B|Ac) = P (B) = 0.5.

Problem 4. A medical test for a rare disease has the following characteristics: 2% of
the population has the disease. The test correctly identifies 95% of those who have the
disease (sensitivity). The test correctly identifies 90% of those who do not have the disease
(specificity). A randomly selected person tests positive.

(a) Define appropriate events and list all given probabilities.

Solution: Let D = has disease, T = tests positive. P (D) = 0.02, P (T |D) = 0.95,
P (T c|Dc) = 0.90, so P (T |Dc) = 0.10.

(b) Use the Law of Total Probability to find P (T ), the probability of a positive test.

Solution: P (T ) = P (T |D)P (D) + P (T |Dc)P (Dc) = (0.95)(0.02) + (0.10)(0.98) =
0.019 + 0.098 = 0.117

(c) Use Bayes’ Rule to find the probability the person actually has the disease given a
positive test.

Solution: P (D|T ) = P (T |D)P (D)
P (T )

= (0.95)(0.02)
0.117

= 0.019
0.117

≈ 0.162

(d) Interpret your answer to (c) in context.

Solution: Even with a positive test result, there is only about a 16.2% chance the
person actually has the disease. This is because the disease is rare (low base rate), so
most positive results are false positives from the healthy population.

Problem 5. A restaurant offers 3 appetizers, 5 entrées, and 4 desserts.

(a) How many different three-course meals (one appetizer, one entrée, one dessert) are
possible?

Solution: 3× 5× 4 = 60 meals (multiplication rule).

(b) If you invite 3 friends and each independently picks an entrée at random, what is the
probability all three choose different entrées?

Solution: P (all different) = 5
5
· 4
5
· 3
5
= 60

125
= 12

25
= 0.48



Discrete Random Variables & PMFs (Lesson 9)

Problem 6. A carnival game costs $2 to play. You draw one card from a standard 52-card
deck. If you draw an ace, you win $10. If you draw a face card (J, Q, K), you win $3.
Otherwise, you win nothing. Let X be your net profit.

(a) Define the PMF of X in a table.

Solution: Net profit: Ace → $8, Face card → $1, Other → −$2.

x −2 1 8
P (X = x) 36/52 12/52 4/52

(b) Find E(X). Is this a fair game?

Solution: E(X) = (−2)(36/52) + (1)(12/52) + (8)(4/52) = −72+12+32
52

= −28
52

≈
−$0.538. Not fair; on average you lose about 54 cents per game.

(c) Find Var(X).

Solution: E(X2) = (4)(36/52)+(1)(12/52)+(64)(4/52) = 144+12+256
52

= 412
52

≈ 7.923.
Var(X) = E(X2)− [E(X)]2 = 7.923− (−0.538)2 = 7.923− 0.290 = 7.633

Problem 7. Let X be a discrete random variable with the following PMF:

P (X = x) =

{
c · x2 for x = 1, 2, 3

0 otherwise

(a) Find the value of c that makes this a valid PMF.

Solution:
∑

P (X = x) = c(1) + c(4) + c(9) = 14c = 1, so c = 1/14.

(b) Find the CDF F (x) and write it in piecewise form.

Solution: F (x) =


0 x < 1

1/14 1 ≤ x < 2

5/14 2 ≤ x < 3

1 x ≥ 3

(c) Find P (X ≥ 2).

Solution: P (X ≥ 2) = P (X = 2) + P (X = 3) = 4/14 + 9/14 = 13/14

(d) Find E(X) and Var(X).

Solution: E(X) = 1(1/14)+ 2(4/14)+ 3(9/14) = (1+ 8+ 27)/14 = 36/14 = 18/7 ≈
2.571.
E(X2) = 1(1/14) + 4(4/14) + 9(9/14) = (1 + 16 + 81)/14 = 98/14 = 7.
Var(X) = 7− (18/7)2 = 7− 324/49 = (343− 324)/49 = 19/49 ≈ 0.388.



Binomial Distribution (Lesson 10)

Problem 8. A multiple-choice quiz has 15 questions, each with 4 options. A student guesses
randomly on every question. Let X be the number of correct answers.

(a) Define the random variable and justify why a binomial model is appropriate.

Solution: X ∼ Bin(15, 0.25). Fixed number of trials (n = 15), two outcomes per
trial (correct/incorrect), constant probability (p = 1/4), trials are independent.

(b) What is the expected number of correct answers?

Solution: E(X) = np = 15(0.25) = 3.75

(c) What is the standard deviation of X?

Solution: σ =
√

np(1− p) =
√
15(0.25)(0.75) =

√
2.8125 ≈ 1.677

(d) Find P (X = 5).

Solution: P (X = 5) =
(
15
5

)
(0.25)5(0.75)10 = 3003 · (0.25)5 · (0.75)10 ≈ 0.165

(e) Find P (X ≥ 2).

Solution: P (X ≥ 2) = 1− P (X = 0)− P (X = 1)
P (X = 0) = (0.75)15 ≈ 0.01336
P (X = 1) = 15(0.25)(0.75)14 ≈ 0.06681
P (X ≥ 2) ≈ 1− 0.01336− 0.06681 = 0.920

Problem 9. A quality control inspector examines a batch of 20 light bulbs, each indepen-
dently having a 10% defect rate.

(a) What is the probability that exactly 2 are defective?

Solution: X ∼ Bin(20, 0.10). P (X = 2) =
(
20
2

)
(0.10)2(0.90)18 = 190(0.01)(0.1501) ≈

0.285

(b) What is the probability that none are defective?

Solution: P (X = 0) = (0.90)20 ≈ 0.122

(c) What is the variance?

Solution: Var(X) = np(1− p) = 20(0.10)(0.90) = 1.80

Poisson Distribution (Lesson 11)

Problem 10. A bookstore receives an average of 5 online orders per hour.

(a) Define the appropriate random variable.

Solution: X ∼ Pois(5), where X = number of online orders in one hour.



(b) Find the probability of receiving exactly 3 orders in the next hour.

Solution: P (X = 3) = e−553

3!
= 125e−5

6
≈ 0.140

(c) Find the probability of receiving no orders in the next hour.

Solution: P (X = 0) = e−5 ≈ 0.00674

(d) Find the probability of receiving at least 2 orders in the next hour.

Solution: P (X ≥ 2) = 1 − P (X = 0) − P (X = 1) = 1 − e−5 − 5e−5 = 1 − 6e−5 ≈
1− 0.0404 = 0.960

(e) What is the probability of receiving exactly 8 orders in a two-hour period?

Solution: In 2 hours, the rate is µ = 10. Let Y ∼ Pois(10).
P (Y = 8) = e−10108

8!
= 108e−10

40320
≈ 0.113

Problem 11. A city averages 3 power outages per month. Assume outages follow a Poisson
process.

(a) What is the probability of exactly 5 outages in a given month?

Solution: X ∼ Pois(3). P (X = 5) = e−335

5!
= 243e−3

120
≈ 0.101

(b) What is the probability of no outages in a two-week period? (Assume 1 month ≈ 4
weeks.)

Solution: Rate for 2 weeks: µ = 3/2 = 1.5. P (Y = 0) = e−1.5 ≈ 0.223

Continuous Random Variables & PDFs (Lesson 12)

Problem 12. The continuous random variable X has pdf:

f(x) =

{
kx(1− x) 0 ≤ x ≤ 1

0 otherwise

(a) Find k.

Solution:
∫ 1

0
kx(1− x) dx = k

∫ 1

0
(x− x2) dx = k

[
x2

2
− x3

3

]1
0
= k

(
1
6

)
= 1, so k = 6.

(b) Find the CDF F (x). Write it in full piecewise form.

Solution: For 0 ≤ x ≤ 1: F (x) =
∫ x

0
6t(1− t) dt = 6

[
t2

2
− t3

3

]x
0
= 3x2 − 2x3.

F (x) =


0 x < 0

3x2 − 2x3 0 ≤ x ≤ 1

1 x > 1



(c) Find P (0.25 ≤ X ≤ 0.75).

Solution: F (0.75)− F (0.25) = [3(0.5625)− 2(0.4219)]− [3(0.0625)− 2(0.01563)]
= [1.6875− 0.84375]− [0.1875− 0.03125] = 0.84375− 0.15625 = 0.6875

(d) Find E(X).

Solution: E(X) =
∫ 1

0
x · 6x(1− x) dx = 6

∫ 1

0
(x2 − x3) dx = 6

[
1
3
− 1

4

]
= 6

(
1
12

)
= 1

2

(e) Find Var(X).

Solution: E(X2) = 6
∫ 1

0
(x3 − x4) dx = 6

[
1
4
− 1

5

]
= 6

(
1
20

)
= 3

10
.

Var(X) = 3/10− (1/2)2 = 3/10− 1/4 = 1/20 = 0.05.

Problem 13. The continuous random variable Y has pdf:

f(y) =

{
3
16

√
y 0 ≤ y ≤ 4

0 otherwise

(a) Verify this is a valid pdf.

Solution:
∫ 4

0
3
16
y1/2 dy = 3

16

[
2
3
y3/2

]4
0
= 3

16
· 2
3
· 8 = 3

16
· 16

3
= 1 ✓

(b) Find P (Y > 1).

Solution: P (Y > 1) =
∫ 4

1
3
16
y1/2 dy = 3

16

[
2
3
y3/2

]4
1
= 1

8
(8− 1) = 7

8

(c) Find E(Y ).

Solution: E(Y ) =
∫ 4

0
y · 3

16
y1/2 dy = 3

16

∫ 4

0
y3/2 dy = 3

16

[
2
5
y5/2

]4
0
= 3

16
· 2
5
·32 = 12

5
= 2.4

Normal Distribution (Lesson 13)

Problem 14. The time (in minutes) it takes to complete an online checkout is normally
distributed with µ = 8 minutes and σ = 2 minutes. Let X denote checkout time.

(a) Find P (X > 12).

Solution: P (X > 12) = 1− Φ
(
12−8
2

)
= 1− Φ(2) = 1− 0.9772 = 0.0228

(b) Find P (5 < X < 11).

Solution: P (5 < X < 11) = Φ
(
11−8
2

)
− Φ

(
5−8
2

)
= Φ(1.5) − Φ(−1.5) = 0.9332 −

0.0668 = 0.8664

(c) Find the checkout time that is exceeded by only 5% of customers.

Solution: Need x such that P (X > x) = 0.05, i.e., P (X ≤ x) = 0.95.
z0.95 = 1.645, so x = µ+ zσ = 8 + 1.645(2) = 11.29 minutes.



(d) What proportion of checkout times are within 1.5 standard deviations of the mean?

Solution: P (µ − 1.5σ < X < µ + 1.5σ) = P (5 < X < 11) = Φ(1.5) − Φ(−1.5) =
0.8664

Problem 15. SAT math scores are approximately N(520, 1002).

(a) What score corresponds to the 90th percentile?

Solution: z0.90 = 1.282. Score = 520 + 1.282(100) = 648.2

(b) What proportion of students score between 400 and 650?

Solution: P (400 < X < 650) = Φ
(
650−520

100

)
− Φ

(
400−520

100

)
= Φ(1.30)− Φ(−1.20)

= 0.9032− 0.1151 = 0.7881

(c) If a scholarship requires a score in the top 2%, what is the minimum qualifying score?

Solution: z0.98 = 2.054. Score = 520 + 2.054(100) = 725.4

Exponential Distribution (Lesson 14)

Problem 16. Customers arrive at a coffee shop at an average rate of 10 per hour. Let T
be the waiting time (in hours) between consecutive customers.

(a) Define the random variable using proper notation. What are E(T ) and Var(T )?

Solution: T ∼ Exp(λ = 10). E(T ) = 1/λ = 1/10 = 0.1 hours (6 minutes).
Var(T ) = 1/λ2 = 0.01.

(b) Find the probability that the wait between two consecutive customers exceeds 15 min-
utes (0.25 hours).

Solution: P (T > 0.25) = e−10(0.25) = e−2.5 ≈ 0.0821

(c) Find the probability that the next customer arrives within 6 minutes (0.1 hours).

Solution: P (T ≤ 0.1) = 1− e−10(0.1) = 1− e−1 ≈ 0.632

(d) Find the median wait time.

Solution: Set F (m) = 0.5: 1−e−10m = 0.5 =⇒ e−10m = 0.5 =⇒ m = ln 2
10

≈ 0.0693
hours ≈ 4.16 minutes.

Problem 17. Lightning strikes occur in a national park at a rate of 6 per week during
summer. Let T be the time (in weeks) between successive lightning strikes.

(a) What distribution does T follow? State the parameter.

Solution: T ∼ Exp(λ = 6), since lightning follows a Poisson process at rate 6/week.



(b) Find P (T > 0.5), the probability of waiting more than half a week.

Solution: P (T > 0.5) = e−6(0.5) = e−3 ≈ 0.0498

(c) Use the memoryless property: Given that no strike has occurred for 2 days (2/7 weeks),
what is the probability of no strike for 3 more days (3/7 weeks)?

Solution: By the memoryless property: P (T > 2/7 + 3/7 | T > 2/7) = P (T >
3/7) = e−6(3/7) = e−18/7 ≈ 0.0773

Mixed Practice

Problem 18. For each scenario, identify the most appropriate probability distribution (Bi-
nomial, Poisson, Exponential, Normal) and define the random variable with its parameter(s).
You do not need to compute a probability.

(a) The number of typos on a randomly selected page of a 300-page novel, if there are on
average 1.5 typos per page.

Solution: X ∼ Pois(1.5). Counting rare events in a fixed “area” (one page).

(b) The number of heads in 50 flips of a fair coin.

Solution: X ∼ Bin(50, 0.5). Fixed n, constant p, two outcomes, independent trials.

(c) The time until the next customer service call, if calls arrive at 8 per hour.

Solution: T ∼ Exp(λ = 8). Waiting time between events in a Poisson process.

(d) The weight of a randomly selected bag of flour from a production line where bags
average 5.0 lb with standard deviation 0.1 lb.

Solution: X ∼ N(5.0, 0.12). Continuous measurement with symmetric, bell-shaped
distribution.

(e) The number of commercial flights out of 400 that experience a delay, if each flight
independently has a 15% chance of delay.

Solution: X ∼ Bin(400, 0.15). Fixed n, constant p, two outcomes, independent
trials.

Problem 19. A factory has two machines, A and B. Machine A produces 60% of all items
and Machine B produces 40%. The defect rate for Machine A is 3% and for Machine B is
5%. An item is selected at random.

(a) What is the probability the item is defective?

Solution: Let D = defective. P (D) = P (D|A)P (A)+P (D|B)P (B) = (0.03)(0.60)+
(0.05)(0.40) = 0.018 + 0.020 = 0.038

(b) Given the item is defective, what is the probability it came from Machine B?

Solution: P (B|D) = P (D|B)P (B)
P (D)

= (0.05)(0.40)
0.038

= 0.020
0.038

≈ 0.526



Problem 20. The continuous random variable X has CDF:

F (x) =


0 x < 0
x2

9
0 ≤ x ≤ 3

1 x > 3

(a) Find the pdf f(x).

Solution: f(x) = F ′(x) = 2x
9

for 0 ≤ x ≤ 3, and 0 otherwise.

(b) Find P (1 ≤ X ≤ 2).

Solution: P (1 ≤ X ≤ 2) = F (2)− F (1) = 4
9
− 1

9
= 3

9
= 1

3

(c) Find the median of X.

Solution: F (m) = 0.5 =⇒ m2/9 = 0.5 =⇒ m2 = 4.5 =⇒ m =
√
4.5 = 3√

2
≈

2.121

(d) Find E(X).

Solution: E(X) =
∫ 3

0
x · 2x

9
dx = 2

9

∫ 3

0
x2 dx = 2

9

[
x3

3

]3
0
= 2

9
· 9 = 2

End of Practice Review — Good luck on WPR1!
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